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Abstract
In this note, we discuss the notion of symmetric self-duality of shaded planar algebras, which al-
lows us to lift shadings on subfactor planar algebras to obtain Z/2Z-graded unitary fusion categories.
This nishes the proof that there are unitary fusion categories with fusion graphs 4442 and 3333.
Planar algebras have proven to be useful in the construction [Pet10; BMPS12] and classication
[JMS14; AMP15] of subfactors and fusion categories. In recent articles, we used planar algebras to con-
struct subfactor planar algebras with principal graphs 4442, 3333, and 2221 [MP15],
, , and ,
and a new subfactor with principal graphs 22221 with interesting dual data [LMP15] (see Example 2.2
below). This 22221 subfactor turns out to be an example of a new parameterized family of unshaded
subfactor planar algebras related to quantum subgroups [Liu15]. The 2221 subfactor was originally con-
structed by Izumi [Izu01], as was the 3333 subfactor [Izu16].
In [CMS11, Appendix], Ostrik constructed a Z/2-graded unitary fusion category with fusion graph
2221. Thus upon constructing 4442 and 3333, we naturally wondered whether we could lift the shading
on our subfactor planar algebras to get Z/2-graded fusion categories with these fusion graphs.
We showed that these subfactor planar algebras are symmetrically self-dual, i.e., there is a planar
algebra isomorphism Φ from P• = (P+,P−) to its dual P• = (P−,P+) such that Φ∓ ◦ Φ± = 1±. We
furthermore claimed that we can lift the shading on a symmetrically self-dual subfactor planar algebra
to obtain an unshaded factor planar algebra [BHP12]. This would mean the associated tensor category
of projections is a Z/2-graded unitary fusion category C whose even graded part is the even part of P•
and whose odd graded part is the odd part of P•.
In this note, we complete the proof of this claim to complete the construction of these categories.
Theorem A. Given a symmetrically self-dual shaded planar algebra ( •,Φ), there is an unshaded planar
algebra • such that • is obtained from • by re-shading (as in Denition 1.4 below).
Corollary B. There are Z/2-graded unitary fusion categories with fusion graphs 4442 and 3333.
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1 Unshaded and shaded planar algebras
We refer the reader to [Pet10; Jon12] for the denition of a shaded subfactor planar algebra, and to
[BHP12; HP17] for the denition of an unshaded factor planar algebra. As we need to shade unshaded
planar algebras and lift the shading on shaded planar algebras, we introduce the following notation to
help keep things as simple as possible.
Notation 1.1. We denote an unshaded planar algebra by the unshaded symbol •, and we denote a
shaded planar algebra by the shaded symbol •. We write for an unshaded planar tangle and for
the unshaded partition function. Similarly, we write for a shaded planar tangle and for the shaded
partition function. We use the symbol T to denote a tangle which may be shaded or unshaded.
Given a shaded tangle , let op be the shaded planar tangle obtained from by reversing the shading.
Note that forgetting the shading of gives an unshaded tangle . In Denition 1.6 below, given an
unshaded tangle , we dene a special shaded tangle .
Remark 1.2. We caution the reader that for an unshaded planar algebra •, the space n corresponds to
boxes with n strands, whereas for a shaded planar algebra •, the space n corresponds to boxes with
2n strands.
Denition 1.3. Given a shaded planar algebra •, its dual planar algebra • is the planar algebra ob-
tained by reversing the shading. The planar algebra • is self-dual if there is a shaded planar algebra
isomorphism Φ : • → •. Note that Φ can be written as
(Φ+,Φ−) : ( +, −) −→ ( −, +).
This means for a shaded planar tangle with s input disks, Φ ◦ = op ◦ (⊗s Φ).
If moreover Φ2 = 1
•
, which is equivalent to Φ∓ ◦ Φ± = 1 ± , then • is called symmetrically
self-dual [MP15].
One source of symmetrically self-dual shaded planar algebras is unshaded planar algebras.
Denition 1.4. Let • be an unshaded planar algebra such that 2n+1 = (0) for all n ≥ 0. Dene • as
follows. For all n ≥ 0, let n,± = 2n. Suppose that for a shaded planar tangle , the unshaded tangle
is obtained from forgetting the shading of . Notice that since is shaded, has an even number
of boundary points on all disks. We dene ( ) = ( ), i.e., the action of is simply obtained by
forgetting the shading.
Finally, note that switching the shading on • is obviously a symmetric self-duality, since the action
is independent of the shading, and merely depends on the unshaded action .
Theorem A says that all symmetrically self-dual shaded planar algebras come from unshaded planar
algebras. This theorem is both unsurprising and relatively tedious to prove. At this point a number of
fusion categories have been discovered rst in the form of shaded planar algebras (see [MP15; LMP15]).
The motivation of this article is to complete the construction of these categories.
To prove Theorem A, we introduce the following notation.
Notation 1.5. Suppose T has t input disks. For 1 ≤ i ≤ t, we let Di(T ) denote the i-th input disk of
T , and we let D0(T ) denote the output disk of T . We write ki(T ) to denote the number of boundary
points of Di(T ). Finally, if T is shaded, we write ±i(T ) to denote whether the distinguished interval of
the disk Di(T ) is in an unshaded or shaded region respectively.
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Denition 1.6. For an unshaded planar tangle whose input and output disks all have an even number
of boundary points, we dene a shaded tangle sh( ) = by checkerboard shading using the rule
that the region meeting the distinguished interval of the output disk is unshaded.
If , are unshaded planar tangles such that has k0( ) = ki( ) boundary points, then the shading
map sh behaves as follows:
sh( ◦i ) =
{
◦i if ±i( ) = +
◦i op if ±i( ) = −
where ∓i( ) = −±i ( ).
We now dene an unshaded planar algebra from a symmetrically self-dual planar algebra. The proof
of Theorem A will then consist of showing the action is well-dened.
Denition 1.7. Given a symmetrically self-dual shaded planar algebra ( •,Φ), we dene a Z/2-graded
unshaded planar algebra • as follows. Let
n =
{
n/2,+ if n is even
(0) if n is odd.
We now dene the action . First, given an unshaded tangle so that ki( ) ∈ 2Z for all 0 ≤ i ≤ t,
dene
ψi( ) =
{
1ki( ) if ±i ( ) = +
Φ+ if ±i ( ) = −.
We dene the action of on • by
( ) = ( ) ◦
(
t⊗
i=1
ψi( )
)
:
t⊗
i=1
ki,+ → k0,+.
Note that this denes a map
⊗t
i=1 2ki → 2k0 .
We must now show that • is well-dened, i.e., that the action of a composite of tangles ( ◦i ) is
equal to the composite of the actions of the tangles ( ) ◦i ( ). We rst give an illustrative example.
Example 1.8. Let be the unshaded 1-click rotation tangle, and let : k,− → k,+ be the shaded 1-click
rotation. Note that ( ) = ( ) ◦ Φ+. Then
( ) ◦ ( ) = ( ( ) ◦ Φ+) ◦ ( ( ) ◦ Φ+)
= ( ( ) ◦ Φ+) ◦ (Φ− ◦ ( op))
= ( ) ◦ (Φ+ ◦ Φ−) ◦ ( op)
= ( ) ◦ ( op)
= ( ◦ op)
= (sh( ◦ ))
= ( ◦ ).
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Proof of Theorem A. Suppose , are unshaded planar tangles with u, v input disks respectively, with
u ≥ 1, such that has k0( ) = ki( ) boundary points. We show that ( ◦i ) = ( ) ◦i ( ). We
treat the two cases for ±i( ) separately.
Case 1: Suppose that ±i( ) = +, so ψi( ) = 1ki( ). Then we have
( ) ◦i ( ) =
(
( ) ◦
(
u⊗
i=1
ψ`( )
))
◦i
(
( ) ◦
(
v⊗
j=1
ψj( )
))
= ( ◦i ) ◦
(
u+v−1⊗
j=1
ψj( ◦i )
)
= ( ◦i ).
Case 2: Suppose that ±i( ) = −, so ψi( ) = Φ+. First, note that for all 1 ≤ j ≤ v,
Φ±j( ) ◦ ψj( ) =
{
Φ− ◦ Φ+ = 1kj ,+ if ±j ( ) = +
Φ+ ◦ 1kj ,+ = Φ+ if ±j ( ) = −
}
= ψj(
op).
Then we have that
( ) ◦i ( )
=
(
( ) ◦
(
u⊗
`=1
ψ`( )
))
◦i
(
( ) ◦
(
v⊗
j=1
ψj( )
))
=
(
( ) ◦
(⊗
6`=i
ψ`( )
))
◦i
(
Φ+ ◦ ( ) ◦
(
v⊗
j=1
ψj( )
))
=
(
( ) ◦
(⊗
6`=i
ψ`( )
))
◦i
(
Φ+ ◦ ( ) ◦
(
v⊗
j=1
Φ∓j( )
)
◦
(
v⊗
j=1
Φ±j( ) ◦ ψj( )
))
=
(
( ) ◦
(⊗
6`=i
ψ`( )
))
◦i
(
( op) ◦
(
v⊗
j=1
ψj(
op)
))
= ( ◦i op) ◦
(
u+v−1⊗
j=1
ψj( ◦i op)
)
= ( ◦i ).
Remark 1.9. Denition 1.4 and Theorem A show that there is a bijective correspondence between sym-
metric self-dualities on subfactor planar algebras and unshadedZ/2Z-graded factor planar algebras. This
gives one way to construct examples of Z/2Z-graded extensions of the principal even half C0 of a nite
depth subfactor planar algebra by its odd half C1.
The complete answer to this question was given by [GJS15], using the techniques of [ENO10]. In
particular, [GJS15] gives a cohomological condition under which any invertible self-dual C0-bimodule
category C1 gives exactly 2 such extensions of the form C0 ⊕ C1.
It is possible there might be extensions of the form C0⊕C1 which are not generated by symmetrically
self-dual objects. However, we have no such examples at this time.
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2 Examples
Example 2.1. In [MP15], we showed that several spoke subfactors are symmetrically self-dual, in partic-
ular, the 4442, 3333 (3Z/2Z×Z/2Z), and 2221 subfactors with principal graphs
, , and .
Example 2.2. Many braided subfactor planar algebras coming from BMW algebras [Wen88; BJL17] are
really unshaded. In [LMP15], we introduced a notion of σ-braided subfactor planar algebras, and we
showed our examples with principal graphs
and
are symmetrically self-dual. The former one is a special case of BMW planar algebras and σ = ±1. The
latter one is new and σ = ±i. Their Z2 xed point planar algebras have principle graphs 2Z2×Z21 and
2Z41 respectively (22221).
Example 2.3. The σ = ±i subfactor in Example 2.2 turns out to be a special case of a new parameterized
family of unshaded subfactor planar algebras [Liu15] related to quantum subgroups.
Example 2.4. For a nite group G, the group subfactor R ⊂ RoG is self-dual if and only if G is abelian.
ForG abelian, the group subfactorR ⊂ RoG has many symmetric self-dualities, which we parametrize
in §3 below via symmetric bicharacters. The resulting unitary fusion categories obtained via Theorem
A are Tambara-Yamagami categories [TY98].
Recall that given an abelian group A, a non-degenerate symmetric bicharacter χ : A×A→ S1, and
a sign ±, the Tambara-Yamagami category T Y(A,χ,±) is a skeletal category with objects a ∈ A and
an object m satisfying the following fusion rules:
(1) a⊗ b = ab for all a, b ∈ A
(2) a⊗m = m⊗ a = m for all a ∈ A, and
(3) m⊗m = ⊕a∈A a.
It was shown in [TY98] that the categories T Y(A,χ,±) and T Y(A′, χ′,±′) are equivalent if and only
if there is an isomorphism A → A′ which sends χ → χ′, and the signs are equal: ± = ±′. (See also
[ENO10, Example 9.4].)
For example, Tambara-Yamagami showed in [TY98, Theorem 4.1] that there are only two inequiv-
alent symmetric bicharacters on Z/2Z ⊕ Z/2Z, which gives 4 inequivalent categories. Similarly, it is
straightforward to show that there are only 2 inequivalent symmetric bicharacters on Z/4Z, which gives
4 inequivalent categories.
By [GHR13], all Tambara-Yamagami categories are unitary, since they are weakly group theoret-
ical. However, to get a factor planar algebra, we need that m is symmetrically self-dual, i.e., m has
Frobenius-Schur indicator 1 [NS07]. The Frobenius-Schur indicators for Tambara-Yamagami categories
were completely worked out in [Shi11], where it was shown that ν2(a) = δa2,e and ν2(m) = ±, the sign
in T Y(A,χ,±). Hence we must have ± = + to get a factor planar algebra.
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Example 2.5. The m-interval Jones-Wassermann subfactors for modular tensor categories are symmet-
rically self-dual for all m ≥ 1 [LX16]. This result was inspired by the open problem to construct a
conformal net whose representation category is a prescribed unitary modular tensor category. We refer
the reader to [LX16] for further references related to Jones-Wassermann subfactors of conformal nets.
In particular, if we start with a unitary modular tensor category whose fusion ring is a nite abelian
groupA, then itsm-interval Jones-Wassermann subfactor, for anym ≥ 2, gives a symmetrically self-dual
group subfactor (with group A), as well as a Tambara-Yamagami category as in Example 2.4. Moreover,
the symmetric bicharacter χ ofA is determined by the modular S matrix of the modular tensor category.
3 Group subfactors: symmetrical self-dualities and symmetric bicharacters
Given an abelian group A, we obtain a group subfactor planar algebra A• . The minimal projections of
A
2,± are indexed by the groups elements in A. These projections correspond to invertible objects in the
category of projections [MPS10; BHP12], where the fusion corresponds to the coproduct, denoted ∗. We
denote the minimal projections of A2,+ by Pg for g ∈ A so that dPg ∗ Ph = Pgh, where d =
√|A|.
The group subfactor planar algebra A• is an exchange relation planar algebra [Lan02]. By [Liu16,
Theorem 2.26], Φ : A• → A• is a shaded planar algebra ∗-isomorphism of exchange relation planar
algebras if and only if Φ preserves the structure of 2-boxes A2,±, which consists of the adjoint operator
(·)∗, the trace, the contragredient (rotation by pi), the multiplication (stacking), and the coproduct ∗.
Theorem 3.1. Let A be a nite abelian group, and let FS : A2,+ → A2,− be the string Fourier transform
(one-click rotation). If χ(g, h) is a non-degenerate bicharacter on A, then
Φ−(FS(Pg)) :=
∑
h∈A
1
d
χ(g, h)Ph Φ+ := F
−1
S Φ−FS
extends uniquely to a shaded planar algebra ∗-isomorphism Φ : A• → A•.
Conversely, if Φ : A• → A• is a shaded planar algebra ∗-isomorphism, then the coecients χ(g, h)
dened above give a bicharacter on A.
Proof. We dene Φ± as in the statement and extend the map linearly to labelled tangles in the universal
planar algebra generated by 2-boxes. By [Liu16, Theorem 2.26], it is enough to prove that Φ− preserves
the adjoint operator, the trace, the contragredient, the multiplication, and the coproduct on 2-boxes.
Step 1: the extension Φ− preserves the adjoint operator:
(Φ−(FS(Pg)))∗ =
∑
h∈A
1
d
χ(g, h)Ph =
∑
h∈A
1
d
χ(g−1, h)Ph = FS(Pg−1) = F
−1
S (Pg) = (FS(Pg))
∗.
Step 2: the extension Φ− preserves the trace:
Tr(Φ−(FS(Pg))) =
∑
h∈A
1
d
χ(g, h) = dδg=e = Tr(FS(Pg)),
where δg=e is the Kronecker function, and e is the identity of the group A.
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Step 3: the extension Φ− preserves the contragredient:
Φ−(FS(Pg)) =
∑
h∈A
1
d
χ(g, h)Ph
=
∑
h∈A
1
d
χ(g, h)Ph−1
=
∑
h∈A
1
d
χ(g, h−1)Ph
=
∑
h∈A
1
d
χ(g, h)Ph
=
∑
h∈A
1
d
χ(g−1, h)Ph
= FS(Pg−1)
= FS(Pg).
Step 4: the extension Φ− preserves the multiplication:
Φ−(FS(Pg1))Φ−(FS(Pg2)) =
∑
h∈A
1
d2
χ(g1, h)χ(g2, h)Ph
=
∑
h∈A
1
d2
χ(g1g2, h)Ph
=
1
d
Φ−(FS(Pg1g2))
= Φ−(FS(Pg1 ∗ Pg2))
= Φ−(FS(Pg1)FS(Pg2)).
Step 5: the extension Φ− preserves the coproduct:
Φ−(FS(Pg1)) ∗ Φ−(FS(Pg2) =
∑
h1,h2∈A
1
d2
χ(g1, h1)χ(g2, h2)Ph1 ∗ Ph2
=
∑
h1,h∈A
1
d3
χ(g1, h1)χ(g2, h
−1
1 h)Ph
=
∑
h1,h∈A
1
d3
χ(g1g
−1
2 , h1)χ(g2, h)Ph
=
∑
h1∈A
1
d2
χ(g1g
−1
2 , h1)FS(Pg2)
= δg1,g2FS(Pg2)
= FS(Pg1Pg2)
= FS(Pg1) ∗ FS(Pg2).
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Therefore Φ extends uniquely to a shaded planar algebra ∗-isomorphism Φ : A• → A•. Conversely, if
Φ : A• → A• is a shaded planar algebra ∗-isomorphism, then by denition,
χ(g, h) = dTr(Φ−(FS(Pg))Ph).
In particular χ(e, h) = Tr(Ph) = 1. By the computation in Step 3,
Φ−(FS(Pg1))Φ−(FS(Pg2)) = Φ−(FS(Pg1)FS(Pg2))
implies that χ(g1g2, h) = χ(g1, h)χ(g2, h). Thus χ(g, h) is a character with respect to g. On the other
hand,
χ(g, h) = dTr(Φ−(FS(Pg))Ph) = dTr(FS(Pg)Φ−1− (Ph))
and in particular χ(g, e) = dTr(FS(Pg)Pe) = 1. Moreover,
χ(g, h1h2) = dTr(FS(Pg)Φ
−1
− (Ph1h2))
= dTr(PgF
−1
S (Φ
−1
− (Ph1h2)))
= d2 Tr(PgF
−1
S (Φ
−1
− (Ph1 ∗ Ph2)))
= d2 Tr(PgF
−1
S ((Φ
−1
− (Ph1) ∗ Φ−1(Ph2)))
= d2 Tr(PgF
−1
S (Φ
−1
− (Ph1))F
−1
S (Φ
−1(Ph2)))
= d2 Tr(PgF
−1
S (Φ
−1
− (Ph1))) Tr(PgF
−1
S (Φ
−1(Ph2)))
= χ(g, h1)χ(g, h2).
Therefore χ(g, h) is a bicharacter.
Theorem 3.2. The bicharacter χ(g, h) in Theorem 3.1 is symmetric if and only if Φ2 = 1, namely A• is
symmetrically self-dual.
Proof. Note that Φ+Φ− = F−1S Φ−FSΦ−, so Φ2 = 1 if and only if (Φ−FS)2 = F2S .
If the bicharacter χ(g, h) is symmetric, then
(Φ−FS)2(Pg) =
∑
h,k∈A
1
d2
χ(h, k)χ(g, h)Pk =
∑
h,k∈A
1
d2
χ(g + k, h)Pk = Pg−1 = F
2
S(Pg).
Thus (Φ−FS)2 = F2S and Φ2 = 1.
On the other hand, if Φ2 = 1, then
χ(g, h) = dTr(Φ−(FS(Pg))Ph)
= dTr(F−1S (Φ−(FS(Pg)))FS(Ph))
= dTr(Φ−1− (Pg)FS(Ph))
= dTr(PgΦ−(FS(Ph)))
= dTr(Φ−(FS(Ph))Pg)
= χ(h, g),
and the bicharacter is symmetric.
For a nite abelian group A and a non-degenerate symmetric bicharacter χ : A × A → S1, the
Z/2-graded unitary fusion category corresponding to the unshaded planar algebra A• is the Tambara-
Yamagami category. We refer the readers to [LX16] for a more general case, where A is replaced by a
unitary modular tensor category and χ is replaced by the modular S matrix.
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